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1
$\mathbb{H}=\{\tau\in \mathbb{C}|{\rm Im}(\tau)>0\}$ $SL_{2}(\mathbb{R})$




$E_{k}( \tau)=\sum_{(0,0)\neq(m.1*)\in \mathrm{Z}^{2}}\frac{1}{(m+n\tau)^{2k}}$ , $(k\in \mathrm{N}, k\geq 2)$
$E_{k}(\tau)$
$\mathbb{H}$
$E_{k}( \frac{a\tau+b}{c\tau+d})=(c\tau+d)^{2k}E_{k}(\tau)$ , $(\begin{array}{ll}a bc d\end{array})\in SL_{2}(\mathbb{Z})$
a(\mbox{\boldmath $\tau$})m/E (\mbox{\boldmath $\tau$}) $\mathbb{H}$ $SL_{2}(\mathbb{Z})$
Exmple 2Jacobi’s theta constants
$\theta_{a,b}(\tau)=\sum_{n\in \mathrm{Z}}\exp(\pi i(n+a)^{2}\tau+2\pi i(n+a)b)$
$(a, b)=(0,0),$ $(0,1/2),$ $(1/2,0)$
$\lambda(\tau)=\theta_{0,0}(\tau)^{4}/\theta_{0,1/2}(\tau)^{4}$ $\mathbb{H}$















$\mathbb{H}^{3}$ $GL_{2}(\mathbb{C})$ involution $T$ $\mathbb{H}^{3}$ 3
$\mathrm{B}^{3}=\{(t_{1}, t_{2}, t_{3})\in \mathbb{R}^{3}|t_{1}^{2}+t_{2}^{2}+t_{3}^{2}<1\}$
$\mathbb{H}^{3}$
$O_{H}(\mathbb{R})=\{g\in GL_{4}(\mathbb{R})|{}^{t}gHg=H=\mathrm{d}\mathrm{i}\mathrm{a}\mathrm{g}(-1, -1, -1, 1)\}$
$V$ $2\cross 2$ Hermite 4 2 $\det(v)$
$V=\{v\in M_{\mathbb{C}}(2,2)|v^{*}=v\}$ , $\det$ : $V\ni v\vdash*\det(v)\in \mathbb{R}$ .
$V^{\mathrm{x}}$ $=$ $\{v\in V|\det(v)>0\}$ ,





$g_{1}$ : $\mathbb{H}^{3}\ni(z,t)\vdasharrow\frac{1}{t}(\begin{array}{ll}t^{2}+|z|^{2} z\overline{z} \mathrm{l}\end{array}) \in SV\simeq V^{\mathrm{x}}/\mathbb{R}^{\mathrm{x}}$ .
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$GL_{2}^{T}(\mathbb{C})$ $GL_{2}(\mathbb{C})$ involution $T$ $T\cdot g=\overline{g}\cdot T$
$GL_{2}^{T}(\mathbb{C})$ $GL_{2}(\mathbb{C})\mathrm{x}\langle T\rangle$
$V^{\mathrm{x}}$ $SV$








$S\Gamma=$ $\{g\in GL_{2}(\mathbb{Z}[i])|\det(g)=\pm 1\}$ ,
$\Gamma(1-i)$ $=$ $\{g\in\Gamma|g\equiv I_{2}\mathrm{m}\mathrm{o}\mathrm{d} (1-i)\}$ ,
$\Gamma(2)$ $=$ $\{(\begin{array}{ll}a bc d\end{array})\in\Gamma|a-d,b,c\equiv \mathrm{O}\mathrm{m}\mathrm{o}\mathrm{d} (2)\}$ ,
$\Gamma(3)$ $=$ $\{(\begin{array}{ll}a bc d\end{array})\in\Gamma|a-d,b,c\equiv \mathrm{O}\mathrm{m}\mathrm{o}\mathrm{d} (3)\}$ ,
$S\Gamma(3)$ $=\Gamma(3)\cap S\Gamma$.
$GL_{2}(\mathbb{C})$ $G$ $\mathrm{C}^{T}=G\aleph\langle T\rangle$ $\Gamma^{T},$ $\Gamma(1-i)^{T},$ $\Gamma(2)^{T}$
reflections o
2 $\det$ $(1, 3)$ $V^{\mathrm{x}}/\mathbb{R}^{\mathrm{x}}$ 3 $\mathrm{B}^{3}$
$V$
$v_{1}=(_{-}$$-\lrcorner 1\dot{\mathrm{g}}02$ $\frac{-1-}{2,1}$ ), $v_{2}=(21i-1+$ $\frac{-1-}{02})$ ,
$v_{3}=$ ( . $\frac{1-}{02}.\cdot$ ), $v_{4}=(_{\mathrm{i}-1+}^{1}2$ $\frac{-1-}{12}.\cdot)$ ,
2 $\det(\sum_{j=1}^{4}y_{j}v_{j})={}^{t}yHy$,
$H=$ $\mathrm{a}\mathrm{g}(-1,$ $-1,$ $-1, 1)$ , $y={}^{t}(y_{1}, \ldots, y_{4})$
$V^{\mathrm{x}}/\mathbb{R}^{\mathrm{x}}=\{y\in \mathrm{P}_{\mathrm{R}}^{3}|y_{1}^{2}+y_{2}^{2}+y_{3}^{2}<y_{4}^{2}\}\simeq \mathrm{B}^{3}$
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$G_{H}$ $=O_{H}(\mathbb{R})\cap GL_{4}(\mathbb{Z})$ ,
$SG_{H}$ $=$ $\{g\in G_{H}|1g^{t}1\equiv 0\mathrm{m}\mathrm{o}\mathrm{d} 4\}$ ,
$G_{H}(3)$ $=$ $\{g\in G_{H}|g\equiv\pm I_{4}\mathrm{m}\mathrm{o}\mathrm{d} 3\}$ ,
$SG_{H}(3)$ $=$ $SG_{H}\cap G_{H}(3)$ ,
$1=(1,1,1,1)$
Lemma 1
$P\Gamma^{T}\simeq PG_{H}$ , $P\Gamma(3)\simeq PG_{H}(3)$ , $PS\Gamma(3)\simeq PSG_{H}(3)$ .
$S\Gamma(3),$ $\Gamma(2)^{T},$ $\Gamma(1-i)^{T},$ $\Gamma^{T}$
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3 $S\Gamma(3)$
$\mathbb{H}^{3}$ $\mathrm{B}^{3}$ $\mathrm{B}^{3}$ 4
$S_{4}=\{\tau\in M_{\mathrm{C}}(4,4)|t_{\mathcal{T}\mathcal{T}}=, {\rm Im}(\tau)>0\}$
$\mathrm{B}^{3}\ni y\mapsto t\frac{1}{2}H-\frac{\sqrt{3}i}{2}[H-2(y{}^{t}y)/({}^{t}yHy)]\in \mathrm{S}_{4}$.
$O_{H}(\mathbb{R})\ni g\}arrow(\begin{array}{ll}g OO HgH\end{array})\in Sp(8,\mathbb{R})$






\mbox{\boldmath $\theta$} ,b(\mbox{\boldmath $\tau$}) $= \sum_{n\in \mathrm{Z}^{4}}\exp(\pi i{}^{t}(n+a)\tau(n+a)+2\pi i{}^{t}(n+a)b)$









$\eta_{3}$ : $\mathbb{H}^{3}\ni(z,t)\daggerarrow[\ldots, f_{a}(z,t), \ldots]\in \mathrm{P}_{\mathrm{R}}^{14}$
$\{[x_{0}, \ldots, x_{5}]\in \mathrm{F}_{\mathrm{R}}|\sum_{\mathrm{j}=0}^{5}xj=0, \sum_{j=0}^{5}x_{j}^{3}=0\}$
$\mathrm{P}_{\mathrm{R}}^{14}$ 1 3 $\eta_{3}$
$\mathbb{H}^{3}/\Gamma(3)-$ Segre cubic 10
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Remark 2 $\mathrm{P}_{\mathrm{R}}^{1}$ 6
$GL_{2}(\mathbb{R})\backslash \{(\begin{array}{ll}x_{11} x_{16}x_{21} x_{26}\end{array})|d_{k_{p}k_{q}}(x)\neq 0(p\neq q)\}/(\mathbb{R}^{\mathrm{x}})^{6}$
$(xjk)\vdash+[\ldots, d_{k_{1}k_{2}}(x)d_{k_{3}k_{4}}(x)d_{k_{5}k_{6}}(x), \ldots]$
$(\{k_{1}, \ldots, k_{6}\}=\{1, \ldots, 6\})$ ? $\mathrm{P}_{\mathrm{R}}^{14}$ {
$d_{k_{\mathrm{p}}k_{q}}(x)=\det(\begin{array}{ll}x_{1k_{p}} x_{1k_{q}}x_{2k_{\mathrm{p}}} x_{2k_{q}}\end{array})$
Theorem 1 $f_{a}$ 1 3 $d_{k_{1}k_{2}}(x)d_{k_{3}k_{4}}(x)d_{k_{5}k_{6}}(x)$
Remark 3 $\mathbb{H}^{3}/\Gamma(3)$ gure 2 cusps 10
4 $\Gamma(2)^{T},$ $\Gamma(1-i)^{T},$ $\Gamma^{T}$
$\mathbb{H}^{3}$ $_{a,b}(z,t)$
$\sum\exp(-\pi(n+\frac{a}{1-i})W(n+\frac{a}{1-i})^{*}+2\pi i{\rm Re}(\frac{nb^{*}}{1+i}))$ ,
n\epsilon z 2
$W= \frac{1}{t}$ ( $\overline{z}$ $z1$ ), $(z,t)\in \mathbb{H}^{3}$ , $a,$ $b\in \mathbb{Z}[i]^{2}$






$(z, t)=_{00,00}(z, t)$ $g\in\Gamma$
$(g\cdot(z, t))=(z,t)$
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Theorem 2 $\mathbb{H}^{3}$ $\mathbb{R}^{3}$
$\eta_{2}$ : $(z,t) \vdash*\frac{1}{\Theta(z,t)}(\Theta_{11,11}(z,t),$ $\Theta_{10,01}(z,t),$ $\Theta_{01,10}(z,t))$
$\{(x_{1},x_{2},x_{3})\in \mathbb{R}^{3}||x_{1}|+|x_{2}|+|x_{3}|\leq 1\}$
6 $(\pm 1,0,0),$ $(0, \pm 1,0),$ $(0,0, \pm 1)$ $Z_{2}$ (Figure $S$)
$\eta_{2}$
$\mathbb{H}^{3}/\Gamma(2)^{T}$ $Z_{2}$
Remark 4 $\mathbb{H}^{3}/\Gamma(2)^{T}$ Figuoe4 cvps 6
Corollary 1 $\mathbb{H}^{3}$ $\mathbb{R}^{3}$
$\eta_{1-:}$ : $(z,t)| arrow\frac{1}{\Theta^{2}(z,t)}(\Theta_{11,11}^{2}(z,t),$ $\Theta_{10,01}^{2}(z,t),$ $\Theta_{01,10}^{2}(z,t))$
$\{(t_{1},t_{2},t_{3})|t_{1},t_{2},t_{3}\geq 0, F(t_{1},t_{2},t_{3})\geq 0\}$ (1, 0, 0), (0, 1, 0), (0, 0, 1)







Remark 5 $\mathbb{H}^{3}/\Gamma(1-i)^{T}$ $re$ 6 cusps 3
$\Gamma(1-i)^{T}/\Gamma^{T}|\mathrm{h}3^{\text{ } }\lambda\text{ }\mathrm{f}\mathrm{f}\mathrm{f}\mathrm{i}\mathrm{f}\mathrm{f}\mathrm{l}S_{3}\text{ _{}\mathrm{p}}\mathrm{R}\text{ }\Theta_{11,11}^{2}(z,t),$ \Theta_{10,01}^{2}(z,t),$ $\Theta_{0110}^{2}(z,t).-\mathrm{E}$
$\Phi_{j}(z,t)$
$j^{\text{ }}*\text{ }*\text{ }\#\text{ }$
Proposition 3 $\Phi_{j}(z,t)$ $\Gamma^{T}$ o
CoroUary 2
$\eta$ : $(z,t) \vdasharrow(\frac{\Phi_{1}(z,t)}{\Theta^{2}(z,t)},$ $\frac{\Phi_{2}(z,t)}{\Theta^{4}(z,t)},$ $\frac{\Phi_{3}(z,t)}{\Theta^{6}(z,t)})$
$t_{3}\geq 0$ , $t_{3} \geq\frac{1}{64}(4t_{2}-(t_{1}-1))^{2}$,
$- \frac{2}{27}t_{1}^{3}+\frac{1}{3}t_{1}t_{2}+\frac{2}{27}(t_{1}^{2}-3t_{2})^{3/2}\geq t_{3}\geq-\frac{2}{27}t_{1}^{3}+\frac{1}{3}t_{1}t_{2}$ $- \frac{2}{27}(t_{1}^{2}-3t_{2})^{3/2}$ ,
(1, 0, 0) $Z$ $\eta$ $\mathbb{H}^{3}/\Gamma^{T}$ $Z$
Remark 6 $\mathbb{H}^{3}/\Gamma^{T}$ gure 7 cusps 1
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Figure 2: Fundamental domain of $\Gamma(3)$
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Figure 3: The image $Z_{2}$ of $\eta_{2}$
Figure 4: Fundamental domain of $\Gamma(2)^{T}$
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Figure 5: Image of $\eta_{1-:}$
Figure 6: Fundmental domain of $\Gamma(1-i)^{T}$
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Figure 7: Fundamental domain of $\Gamma^{T}$
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